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A SUFFICIENT CONDITION FOR COMPACTNESS OF THE
∂-NEUMANN OPERATOR ON HIGH LEVEL FORMS
YUE ZHANG
Abstract. By establishing a unified estimate of the twisted Kohn-Morrey-
Ho¨rmander estimate and the q-pseudoconvex Ahn-Zampieri estimate, we dis-
cuss variants of Property (Pq) of D.Catlin and Property (P˜q) of J.McNeal
on the boundary of a smooth pseudoconvex domain in Cn for certain high
levels of L2-integrable forms. These variant conditions on the one side, im-
ply compactness of the ∂-Neumann operator on the associated domain, on
the other side, are different from the classical Property (Pq) of D. Catlin and
Property (P˜q) of J.McNeal. As an application of our result, we show that if
the Hausdorff (2n−2)-dimensional measure of the weakly pseudoconvex points
on the boundary of a smooth bounded pseudoconvex domain is zero, then the
∂-Neumann operator Nn−1 is compact on (0, n− 1)-level L2-integrable forms.
1. Introduction
Given a bounded domain Ω in Cn, one of the most important problems in the ∂-
Neumann theory is to study whether there exists a bounded inverse of the complex
Laplacian q on the L
2-integrable (0, q)-type forms of the domain Ω (1 ≤ q ≤ n)
and if there exists such a bounded inverse operator, what the regularity property it
has. We call the (bounded) inverse of q as the ∂-Neumann operator and denote it
as Nq. Kohn and Nirenberg ([19]) showed that the compactness of Nq implies the
global regularity of Nq, namely on smooth bounded pseudoconvex domains Ω the
operator Nq maps the space of forms with components smooth up to the boundary
of Ω to itself. Given that the compactness of Nq has a quantified estimate (see
section 2) and is a local property (see for example [24], Proposition 4.4), analysis
on the compactness of Nq is more robust and has its own interest. We refer the
reader to [5], [10], [12], [13], [22] and [26] for a number of useful consequences of
the compactness of Nq.
Based on Catlin’s work ([3]), Property (Pq) implies compactness ofNq on smooth
pseudoconvex domains. Property (Pq) requires the existence of a family of bounded
plurisubharmonic functions with additional conditions on the eigenvalues of their
complex Hessians near the boundary of the domain. McNeal ([21]) introduced
Property (P˜q) by replacing the boundedness condition in Property (Pq) with the
boundedness condition of the gradient in the metric induced by the complex Hessian
of the plurisubharmonic functions. While it is clear that on the level of an individual
function, Property (P˜q) is weaker than Property (Pq), it is not clear on the level
of families whether Property (P˜q) is weaker than Property (Pq) or not. We also
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refer the reader to [24], section 4.10 for useful background and remarks regarding
McNeal’s Property (P˜q).
On the other hand, there are numerous work which generalize the regularity
results of Nq on bounded pseudoconvex domains to a large class of bounded non-
pseudoconvex domains in Cn. A typical domain in this regard is the q-pseudoconvex
domain which can be traced back to [16]. In [1] and [25], Ahn and Zampieri
established the Kohn-Morrey-Ho¨rmander estimate on q-pseudoconvex domains and
proved regularity results of the ∂-problem on such domains. In [17], Khanh and
Zampieri proved a sufficient condition for the subelliptic estimate of the ∂-Neumann
problem on q-pseudoconvex domains which generalizes a well-known result of Catlin
([4]). In [18], the authors proved a sufficient condition for compactness estimate
of the ∂-Neumann problem on q-pseudoconvex domains, where the condition is a
generalization of Property (Pq) of Catlin ([3]) on q-pseudoconvex domains.
The purpose of this article is to study the possibility of weakening or varying the
conditions on eigenvalues of the complex Hessian of the functions in the definition
of Property (Pq) and Property (P˜q), which still imply the compactness of Nq on
a smooth bounded pseudoconvex domain. The first new ingredient in this paper
is a unified estimate of the twisted Kohn-Morrey-Ho¨rmander estimate (see in [21]
or section 2.6 in [24]) and the q-pseudoconvex Ahn-Zampieri estimate (see section
1.9 in [25] or [1]) on a smooth bounded domain. Because of the differentiation
applying both on the twisted factor and the weighted function, error terms in the
unified estimate are treated differently. The second new ingredient in this paper
is introducing variants of Property (Pq) and Property (P˜q), which still imply the
compactness of ∂-Neumann operator Nq for high level forms (q > 1) on a smooth
bounded pseudoconvex domain. Our result on the (0, n− 1)-forms is in particular
interesting, since under this case, our variants of Property (Pn−1) and Property
(P˜n−1) can be formulated on any smooth pseudoconvex domains and the definition
involves with the diagonal entries in the complex Hessian under special boundary
charts, rather than the sum of eigenvalues in the complex Hessian. If we restrict to
a small neighborhood of a fixed boundary point (see Remark 4.2), our variants of
Property (Pn−1) and Property (P˜n−1) are weaker than the requirement of the lower
bound of summation on eigenvalues in the complex Hessian in Property (Pn−1)
and (P˜n−1). Our results on general (0, q)-forms are restrictive to certain levels of q
dependent on the behavior of the Levi form of the domain on the boundary, which
in particular requires q > 1 and hence the first nontrivial case under our setting is
on (0, 2)-forms in C3.
As an application of our results, we focus on applying variants of Property (Pn−1)
on (0, n−1) forms and we discuss the relation of small set of infinite-type points on
the boundary of pseudoconvex domain and compactness of the ∂-Neumann operator
Nn−1. We show that if the Hausdorff (2n− 2)-dimensional measure of the weakly
pseudoconvex points on the boundary of a smooth bounded pseudoconvex domain
is zero, then the ∂-Neumann operator Nn−1 is compact on (0, n − 1)-level L2-
integrable forms. This result generalizes a classical result of Sibony and Boas to
the case of q = n− 1 (see discussion in section 6).
The basic estimate which we derive for the compactness of Nq is based on the
recent work of Ahn ([1]) and Zampieri ([25]). Although their work focuses on
the generalization of the ∂-Neumann theory from classical bounded pseudoconvex
domains to q-pseudoconvex domains mentioned above, the idea in their work is
COMPACTNESS OF THE ∂-NEUMANN OPERATOR 3
valid in our case but applied in a different way (see discussion in section 7). Finally
we point out that the variant conditions in this article are different from Catlin’s
Property (Pq) and McNeal’s Property (P˜q) on the level of individual function.
However, on the level of function families, the relation between our variants and
Catlin’s Property (Pq) is not fully understood, nor is the difference between these
variants and McNeal’s Property (P˜q) known here. Since for Catlin’s Property (Pq)
there are potential theoretic characterizations by the work of Sibony ([23]), it is
also expected that there are certain potential theoretic characterizations parallel to
Sibony’s work ([23]) regarding our variant of Property (Pq). The author plans to
study these questions in a separate article.
The paper is organized as follows: in section 2, we list some facts and background
materials about the ∂-Neumann problem; in section 3, we prove the unified estimate
of the twisted Kohn-Morrey-Ho¨rmander estimate and the q-pseudoconvex Ahn-
Zampieri estimate; in section 4, we apply the unified estimate to (0, n − 1) forms
and formulate the variant of Property (P˜n−1) and give the proof that this variant
condition implies compactness of Nn−1; in section 5, we formulate the definition of
the variant of Property (Pn−1) and give the proof that this variant condition also
implies compactness of Nn−1; in section 6, we give the application of variants of
Property (Pn−1) on (0, n−1) forms, and discuss the relation of small set of infinite-
type points on the boundary of pseudoconvex domain and compactness of the ∂-
Neumann operator Nn−1; in section 7, we formulate the general definition of the
variant of Property (Pq) and (P˜q) and prove these condition imply the compactness
of Nq.
Acknowledgment. The author wishes to thank Emil Straube and Harold Boas
for their reading on a draft version of this manuscript. The author also wishes to
thank Andrew Raich, Phillip Harrington and Song-Ying Li for their discussion and
suggestion in the author’s research during his postdoc in University of Arkansas
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2. Preliminaries
Let Ω be a bounded domain in Cn (n ≥ 2). Let L2(0,q)(Ω) be the space of
(0, q)-forms (1 ≤ q ≤ n) with L2-integrable coefficients. Let (z1, z2, · · · , zn) be
the standard complex coordinates in Cn. Given any (0, q)-form u =
∑′
J uJdzJ ,
the unweighted L2-norm is defined as ‖∑′J uJdz¯J‖2 = ∑′J ∫Ω |uJ |2dV (z), where
the summation is over an increasing multi-index J = (j1, . . . , jq). L
2
(0,q)(Ω) is a
Hilbert space with above norm and associated inner product (·, ·). We also define
the weighted L2-norm by setting ‖∑′J uJdz¯J‖2ϕ = ∑′J ∫Ω |uJ |2e−ϕdV (z), where
ϕ ∈ C1(Ω¯). This makes L2(0,q)(Ω) a Hilbert space with above weighted norm and
associated weighted inner product (·, ·)ϕ. Hence given any (0, q)-forms u, v, the
weighted inner product is
(u, v)ϕ = (
∑′
J
uJ ,
∑′
J
vJ)ϕ =
∑′
J
∫
Ω
uJvJe
−ϕdV.
We suppress dzJ in the inner product whenever the context is clear.
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Define ∂ : L2(0,q)(Ω)→ L2(0,q+1)(Ω) by:
∂(
∑′
J
uJdzJ) =
n∑
j=1
∑′
J
∂uJ
∂zj
dzj ∧ dzJ ,
where the derivatives are viewed as distributions. We denote the domain of ∂ by
dom(∂) = {u ∈ L2(0,q)(Ω)|∂u ∈ L2(0,q+1)(Ω)}. By functional analysis results, ∂ is a
linear, closed, densely defined operator on L2(0,q)(Ω) and hence has a Hilbert adjoint
∂
∗
. We denote the domain of ∂
∗
by dom(∂
∗
) and dom(∂
∗
) = {v ∈ L2(0,q+1)(Ω)|∃C >
0, |(v, ∂u)| ≤ C||u||, ∀u ∈ dom(∂)}. When Ω has a C2 smooth boundary, by using
integration by parts, we know that given any u ∈ C1(0,q+1)(Ω), u ∈ dom(∂
∗
) if and
only if
∑n
j=1 ujK
∂ρ
∂zj
= 0 on bΩ for all multi-indices K of length q (see for example
in [24], section 2.1).
The ∂-complex can be set up in the weighted L2-spaces as well. We denote
the resulting adjoint by ∂
∗
ϕ and its domain is dom(∂
∗
ϕ). It is well known that
dom(∂
∗
ϕ) = dom(∂
∗
) if ϕ ∈ C1(Ω¯). If u ∈ L20,q(Ω), we denote the formal adjoint of
∂ by ϑϕ such that (u, ∂v)ϕ = (ϑϕu, v)ϕ for every C
∞ smooth compactly supported
form v on Ω. ∂
∗
ϕu = ϑϕu if u ∈ dom(∂
∗
ϕ).
For a smooth pseudoconvex domain, given that the smooth forms in dom(∂
∗
)
satisfy the above equality, we can introduce a special boundary chart induced by
the local complex tangents near the boundary and within the special boundary
chart, a smooth form in dom(∂
∗
) has a simple expression. Most of our setting and
notation in this regard can be found in [1], [8] or [25].
Near a boundary point P of Ω, we choose vector fields L1, · · · , Ln−1 of type (1, 0)
which are orthonormal and span TCz (bΩǫ) for z near P , where Ωǫ = {z ∈ Ω|ρ(z) <
−ǫ}. Ln is defined to be the complex normal and we can normalize the length of
Ln to be 1. Note that {Lj}nj=1 locally induces an orthonormal coordinate system
near the boundary point P .
Define (1, 0)-forms {ωj}nj=1 to be the dual basis of {Lj}nj=1 near P . For a C1
smooth function f , ∂f in the basis {ω¯j}nj=1 has the expression: ∂f =
∑n
j=1(L¯jf)ω¯j.
By taking wedge products of ω¯j ’s, we have a local orthonormal bases for (0, q)-forms
(q ≥ 1) near P . We say {ωj}nj=1, {Lj}nj=1 and their induced coordinates form a
special boundary chart near P . Now let cijk defined by
∂ωi =
n∑
j,k
cijkω¯j ∧ ωk.
Then for a C2 smooth function f we have
∂∂f =
∑
j,k
(
LjL¯kf +
∑
i
c¯ijkL¯if
)
ωj ∧ ω¯k.
Denote fjk = LjL¯kf +
∑
i c¯
i
jkL¯if , we have
∂∂f =
∑
j,k
fjkωj ∧ ω¯k.
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In general, if u ∈ L2(0,q)(Ω) and u =
∑′
|J|=q
uJ ω¯J , a direct calculation by using
definition shows
∂u =
∑′
|J|=q
n∑
i=1
(
L¯iuJ
)
ω¯i ∧ ω¯J + · · · , (1)
ϑϕu = −
∑′
|K|=q−1
∑
j≤n
δωj (ujK)ω¯K + · · · , (2)
where δωjf = e
ϕLj(e
−ϕf) for L2-integrable functions f . The dots in above
two equations are the terms that only involve with the coefficients of u and the
differentiation of the coefficients of Lj or ω¯K . In particular, u is not differentiated
and ϕ does not occur in above terms of dots.
The following integration by parts formula can be found in section 5.3, [6]:
Proposition 2.1. Let Ω be a bounded smooth domain in Cn and U is an open
neighbourhood of any boundary point P . Let C10 (Ω ∩ U) be the space of functions
in C1(Ω) which are supported in Ω ∩ U . For any u, v ∈ C10 (Ω ∩ U),
(u, δωjv)ϕ = −(L¯ju, v)ϕ + (σju, v)ϕ +
∫
bΩ
uv¯(L¯jρ)e
−ϕdS, (3)
where σj ∈ C1(Ω ∩ U) is independent of u, v.
We also have the following observation regarding the product rule of δωi (implic-
itly used in [21]): for any C1 smooth functions g and v,
δωi(gv) = Li(gv)− (Liϕ) · gv
= (Lig)v + g(Liv − (Liϕ)v)
= (Lig)v + gδωiv. (4)
In a special boundary chart near any boundary point P of a C2 smooth domain
Ω, we have a simple expression for dom(∂
∗
): given any u ∈ C1(0,q)(Ω) and u is
supported in a special boundary chart, u ∈ dom(∂∗) if and only if uJ = 0 on
bΩ when n ∈ J . If u = ∑′J uJωJ in a special boundary chart, the tangential
part of u is defined as uTan =
∑′
n/∈J uJωJ and the normal part of u is defined as
uNorm =
∑′
n∈J uJωJ .
We define the complex Laplacian as qu := ∂
∗
∂u + ∂∂
∗
u on L2(0,q) forms. Here
we suppress the subscript of the level of the form in ∂ and ∂
∗
for simplicity. We call
the (bounded) inverse operator of q as the ∂-Neumann operator, and denote it as
Nq. Ho¨rmander ([14, 15]) showed that q has a bounded inverse Nq on L
2
(0,q)(Ω)
for bounded pseudoconvex domains.
Now we move onto the background materials regarding the compactness of Nq.
In the perspective of functional analysis, Nq is said to be compact on L
2
(0,q)(Ω) if the
image of the unit ball in L2(0,q)(Ω) under Nq is relatively compact in L
2
(0,q)(Ω). The
following lemma in functional analysis is the foundation of compactness estimate
of Nq.
Lemma 2.2 (Theorem 16.4, [20]). Assume X and Y are Hilbert spaces, T : X → Y
is a linear operator. If for any ǫ > 0 there are a Hilbert space Zǫ, a linear compact
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operator Sǫ : X → Zǫ, and a constant Cǫ such that
||Tx||Y ≤ ǫ||x||X + Cǫ||Sǫx||Zǫ ,
then T is compact.
With a more quantified viewpoint, on a bounded pseudoconvex domain Ω, we
can characterize the compactness of Nq by the following well known fact (see [21]
or [24], Proposition 4.2):
Proposition 2.3. Let Ω be a bounded pseudoconvex domain in Cn, 1 ≤ q ≤ n.
Then the following are equivalent:
(i) Nq is compact as an operator on L
2
(0,q)(Ω).
(ii) For every ǫ > 0, there exists a constant Cǫ such that we have the compactness
estimate:
||u||2 ≤ ǫ(||∂u||2 + ||∂∗u||2) + Cǫ||u||2−1 for u ∈ dom(∂) ∩ dom(∂
∗
).
(iii) The canonical solution operators ∂
∗
Nq : L
2
(0,q)(Ω)∩ ker(∂)→ L2(0,q−1)(Ω) and
∂
∗
Nq+1 : L
2
(0,q+1)(Ω) ∩ ker(∂)→ L2(0,q)(Ω) are compact.
We call the estimate in (ii) of Proposition 2.3 the compactness estimate of Nq.
Here || · ||−1 is the unweighted L2 SobolevW−1-norm defined coefficientwise for any
(0, q)-form u, i.e., a form u =
∑′
J uJdzJ is in W
−1(Ω) if and only if uJ ∈ W−1(Ω)
for all J . In general, we define the Sobolev W s-norm (s ∈ R) for any (0, q)-form
u in the same way as above: a form u =
∑′
J uJdzJ is in W
s(Ω) if and only if
uJ ∈W s(Ω) for all J .
We give the definition of Property (Pq) as follows:
Definition 2.1. A compact set K ⊂ Cn has Property (Pq) (1 ≤ q ≤ n) if for any
M > 0, there exists an open neighborhood U of K and a C2 smooth function λ
on U such that 0 ≤ λ ≤ 1 on U and ∀z ∈ U , the sum of any q eigenvalues of the
complex Hessian
(
∂2λ
∂zj∂z¯k
)
j,k
is at least M .
The following linear algebra result is useful when proving Property (Pq) and
related estimates. See for example in [3] for its application in proving Property
(Pq), here we follow [24].
Lemma 2.4 ([24]). Let λ be a C2 smooth function in Cn. Fix any z ∈ Cn,
1 ≤ q ≤ n and let u be any (0, q)-form at z. The following are equivalent:
(i) The sum of any q eigenvalues of
(
∂2λ
∂zj∂z¯k
)
j,k
is at least M .
(ii)
∑′
|K|=q−1
n∑
j,k=1
∂2λ(z)
∂zj∂zk
ujKukK ≥M |u|2.
(iii)
q∑
s=1
n∑
j,k=1
∂2λ(z)
∂zj∂zk
(es)j(es)k ≥ M , whenever e1, e2, · · · , eq are orthonormal vec-
tors in Cn.
The importance of Property (Pq) lies in the fact that it implies the compactness
of Nq:
Theorem 2.5 ([3]). Let Ω be a smooth bounded pseudoconvex domain in Cn. Let
1 ≤ q ≤ n. If bΩ satisfies Property (Pq), then Nq is compact.
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The gap between Property (Pq) of the boundary and the compactness of Nq is
not clear on general pseudoconvex domains. Christ and Fu ([7]) showed that on a
smooth complete pseudoconvex Hartogs domain in C2, N1 is compact if and only
if bΩ has Property (P1). Fu and Straube ([9]) showed that on any smooth convex
domains, Nq is compact if and only if bΩ has Property (Pq).
We give the definition of Property (P˜q) as follows:
Definition 2.2. A bounded domain Ω in Cn has Property (P˜q) (1 ≤ q ≤ n) if
there is a constant C such that for any M > 0, there exists an open neighborhood
U of bΩ and a C2 smooth function λ on U such that (1)
∑′
|K|=q−1
∣∣∣∣∣∣
n∑
j=1
∂λ
∂zj
(z)wjK
∣∣∣∣∣∣
2
≤ C
∑′
|K|=q−1
∑
j,k
∂2λ
∂zj∂z¯k
(z)wjK w¯kK
holds for any z ∈ U and any (0, q)-form w at z, and (2) for any z ∈ U , the sum of
any q eigenvalues of the complex Hessian
(
∂2λ
∂zj∂z¯k
)
j,k
is at least M .
Theorem 2.6 ([21]). Let Ω be a smooth bounded pseudoconvex domain in Cn. Let
1 ≤ q ≤ n. If bΩ satisfies Property (P˜q), then Nq is compact.
The part (1) in the definition 2.2 essentially says the gradients of the function
family λM are uniformly bounded in the metric induced by their complex Hessians.
This condition weakens the uniform boundedness requirement in the Definition 2.1
on each individual function level, but on the level of function families it is still not
clear if the condition is weaker. We note that the constant C in the Definition 2.2
can be rescaled to arbitrarily small positive (i.e., set λ to be aλ). This observation
is implicitly used in [21] and this article.
3. The unified estimate
In this section, we prove the unified estimate of the twisted Kohn-Morrey-
Ho¨rmander estimate and the q-pseudoconvex Ahn-Zampieri estimate on a smooth
bounded (pseudoconvex) domain. For a history of the standard Kohn-Morrey-
Ho¨rmander estimate and the twisted version, one may check [21] or section 2.6 in
[24] and the references there. For a history of the q-pseudoconvex Ahn-Zampieri
estimate, one may check section 1.9 in [25] and the references there. Since there
are twisted factor g and weighted function ϕ, the estimates on error terms along
the proof of previous two types of estimates must be handled differently. Apart
from above, we mainly follow along the argument in [1] and [25] when handling the
integration by parts and estimating the commutators of the form [δωj , Lj]. A part
of the treatment of the twisted factor g and its derivatives in the estimate can also
be found in [21].
Theorem 3.1. Let Ω be a smooth bounded domain with a defining function r in Cn
and let U be an open neighborhood of any boundary point P . Suppose g, ϕ ∈ C2(Ω¯)
and g > 0, u =
∑′
J uJ ω¯J ∈ C∞(0,q)(Ω¯) ∩ dom(∂
∗
) with support in Ω¯ ∩ U . Let γ > 0
and 0 < ǫ < 1 be arbitrary, then we have for every integer s with 1 ≤ s ≤ n − 1,
there is a constant Cǫ,γ > 0 independent of u, ϕ and g such that:
||√g∂u||2ϕ + (1 +
1
γ
)||√g∂∗ϕu||2ϕ + Cǫ,γ ||
√
gu||2ϕ
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≥− γ
∑′
|J|=q
∑
j≤n
|| 1√
g
(Ljg)uJ ||2ϕ
+(1− ǫ)
∑′
|J|=q
( ∑
j≥s+1
||√gLjuJ ||2ϕ +
∑
j≤s
||√gδωjuJ ||2ϕ
)
+
∑′
|J|=q
∑
j≤s
((
(gjj − gϕjj)uJ , uJ
)
ϕ
−
∫
bΩ
grjjuJuJe
−ϕdS
)
+
∑′
|K|=q−1
∑
i,j
((
(−gij + gϕij)uiK , ujK
)
ϕ
+
∫
bΩ
grijuiKujKe
−ϕdS
)
. (5)
Proof. By (1) and (2), we have
||√g∂u||2ϕ =
∑′
|J|=q
∑
j≤n
∫
Ω
ge−ϕ|LjuJ |2dV
−
∑′
|K|=q−1
∑
i,j
∫
Ω
ge−ϕLjuiKLiujKdV +R,
||√g∂∗ϕu||2ϕ =
∑′
|K|=q−1
∑
i,j
∫
Ω
ge−ϕδωiuiKδωjujKdV +R,
where R denotes the errors terms involving integration of products of the type:
gLjuiK · u or gδωjujK · u with coefficients independent of g, ϕ that only depend on
the derivatives of the coefficients of each ωj (1 ≤ i, j ≤ n). Now we have
||√g∂u||2ϕ + ||
√
g∂
∗
ϕu||2ϕ =
∑′
|J|=q
∑
j≤n
∫
Ω
ge−ϕ|LjuJ |2dV
+
∑′
|K|=q−1
∑
i,j
∫
Ω
ge−ϕ
(
δωiuiKδωjujK − LjuiKLiujK
)
dV
︸ ︷︷ ︸
main part
+R (6)
In the main part of (6), we apply the integration by parts formula (3):∫
Ω
ge−ϕδωiuiKδωjujKdV = (gδωiuiK , δωjujK)ϕ = −(Lj(gδωiuiK), ujK)ϕ+R, (7)
−
∫
Ω
ge−ϕLjuiKLiujKdV = −(gLjuiK , LiujK)ϕ = (δωi(gLjuiK), ujK)ϕ +R. (8)
We remark here that in both equalities, the boundary integrals from the integration
by parts vanish because Ljr = 0 for j < n on bΩ and unK = 0 on bΩ. The R term
is the same type of the error terms in (6).
Now apply (4) to right sides of (8), we have:
main part =
∑′
|K|=q−1
∑
i,j
[
(LigLjuiK , ujK)ϕ − (δωiuiK , ujKLjg)ϕ
+ (g[δωi , Lj]uiK , ujK)ϕ
]
+R. (9)
Now we go back to the first term in (6): ||√g∂u||2ϕ =
∑′
|J|=q
∑
j≤n(gLjuJ , LjuJ)ϕ.
Use double integration by parts in each inner product with indices j ≤ s and we
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have:
(gLjuJ , LjuJ)ϕ
= −(δωj (gLjuJ), uJ)ϕ + R˜j≤s
= −(LjgLjuJ , uJ)ϕ − (gδωjLjuJ , uJ)ϕ + R˜j≤s
= −(LjgLjuJ , uJ)ϕ − (g[δωj , Lj ]uJ , uJ)ϕ − (LjδωjuJ , guJ)ϕ︸ ︷︷ ︸
int. by parts
+R˜j≤s
= −(LjgLjuJ , uJ)ϕ + (δωjuJ , (Ljg)uJ)ϕ + ||
√
gδωjuJ ||2ϕ
− (g[δωj , Lj]uJ , uJ)ϕ + R˜j≤s, (10)
where the error term R˜j≤s involved products of the type: g(LjuJ)u or g(δωjuJ)u
with j ≤ s, and coefficients in these products are independent of g, ϕ in R˜j≤s. Since
by assumption s ≤ n − 1, generically j ≤ n − 1 in the error term R˜j≤s. We also
used the product rule (4) and boundary assumption (i.e., Ljr = 0 for j < n on bΩ
and unK = 0 on bΩ) in the above equalities.
Hence we apply (9) and (10) to (6) on the respective side:
||√g∂u||2ϕ + ||
√
g∂
∗
ϕu||2ϕ
=
∑′
|J|=q
∑
j≥s+1
(gLjuJ , LjuJ)ϕ +
∑′
|J|=q
∑
j≤s
(gLjuJ , LjuJ)ϕ +main part +R
=
∑′
|J|=q
( ∑
j≥s+1
||√gLjuJ ||2ϕ +
∑
j≤s
||√gδωjuJ ||2ϕ
)
+
∑′
|J|=q
∑
j≤s
[−(LjgLjuJ , uJ)ϕ + (δωjuJ , uJLjg)ϕ − (g[δωj , Lj]uJ , uJ)ϕ]
+
∑′
|K|=q−1
∑
i,j
[
(LjgLjuiK , ujK)ϕ − (δωiuiK , ujKLjg)ϕ
+ (g[δωi , Lj]uiK , ujK)ϕ
]
+R+ R˜j≤s. (11)
We now handle the commutator term of the type [δωi , Lj ] along the argument in
[1] and [25]. By formula (1.9.17) in [25], we have:
[δωi , Lj] = ϕij + rijδωn − rijLn +B′ij ,
where B′ij =
∑
l≤n−1 c
l
jiδωl −
∑
l≤n−1 c¯
l
ijLl denotes the combinations of the terms
δωl and Ll (for l ≤ n− 1).
Hence apply above equality in the commutator terms in (11) individually, we
have:
(g[δωi , Lj]uiK , ujK)ϕ (12)
= (gϕijuiK , ujK)ϕ + (grijδωnuiK , ujK)ϕ − (grijLnuiK , ujK)ϕ + (g(B′ijuiK), ujK)ϕ,
and for j ≤ s,
(g[δωj , Lj]uJ , uJ)ϕ (13)
= (gϕjjuJ , uJ)ϕ + (grjjδωnuJ , uJ)ϕ − (grjjLnuJ , uJ)ϕ + (g(B′jjuJ), uJ)ϕ.
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Apply integration by parts to the second term in (12) (and (13)) and use Ln(r) = 1
on bΩ under normalization, we have:
(grijδωnuiK , ujK)ϕ
=
∫
bΩ
grijuiKujKe
−ϕdS − (uiK , gLn(r¯ij)ujK)ϕ
− (rijguiK , LnujK)ϕ − (rijuiKLng, ujK)ϕ.
Apply above equality in (12) (and (13)), we have:
(g[δωi , Lj]uiK , ujK)ϕ (14)
= (gϕijuiK , ujK)ϕ +
∫
bΩ
grijuiKujKe
−ϕdS−(uiK , gLn(r¯ij)ujK)ϕ︸ ︷︷ ︸
W2 term
−(rijguiK , LnujK)ϕ︸ ︷︷ ︸
R1 term
−(rijuiKLng, ujK)ϕ︸ ︷︷ ︸
W1 term
−(grijLnuiK , ujK)ϕ︸ ︷︷ ︸
R2 term
+(g(B′ijuiK), ujK)ϕ︸ ︷︷ ︸
R3 term
,
and for j ≤ s we have:
(g[δωj , Lj ]uJ , uJ)ϕ (15)
= (gϕjjuJ , uJ)ϕ +
∫
bΩ
grjjuJuJe
−ϕdS−(uJ , gLn(r¯jj)uJ)ϕ︸ ︷︷ ︸
X2 term
−(rjjguJ , LnuJ)ϕ︸ ︷︷ ︸
T1 term
−(rjjuJLng, uJ)ϕ︸ ︷︷ ︸
X1 term
−(grjjLnuJ , uJ)ϕ︸ ︷︷ ︸
T2 term
+(g(B′jjuJ), uJ)ϕ︸ ︷︷ ︸
T3 term
.
Let R∗ denote the summation of R, integrals of the terms of R˜j≤s, X1, X2, W1,
W2, R1 to R3 and T1 to T3 over their respective indices. We have the following
claim regarding the estimate of |R∗|: for any 0 < ǫ < 1 and γ > 0, there exists a
constant Cǫ,γ > 0 independent of u, g, ϕ such that
|R∗| ≤ ǫ
∑′
|J|=q
( ∑
j≥s+1
||√gLjuJ ||2ϕ +
∑
j≤s
||√gδωjuJ ||2ϕ
)
+ γ
∑′
|J|=q
∑
j≤n
|| 1√
g
(Ljg)uJ ||2ϕ + Cǫ,γ ||
√
gu||2ϕ. (16)
Let us postpone the proof of this claim to the end of proof and see how the rest of
arguments work. Apply (15), (14) in (11):
||√g∂u||2ϕ + ||
√
g∂
∗
ϕu||2ϕ
=
∑′
|J|=q
( ∑
j≥s+1
||√gLjuJ ||2ϕ +
∑
j≤s
||√gδωjuJ ||2ϕ
)
+
∑′
|J|=q
∑
j≤s
[−(LjgLjuJ , uJ)ϕ + (δωjuJ , uJLjg)ϕ]︸ ︷︷ ︸
term Y
+
∑′
|K|=q−1
∑
i,j
[
(LigLjuiK , ujK)ϕ − (δωiuiK , ujKLjg)ϕ
]︸ ︷︷ ︸
term X
+
∑′
|J|=q
∑
j≤s
(−(gϕjjuJ , uJ)ϕ − ∫
bΩ
grjjuJuJe
−ϕdS
)
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+
∑′
|K|=q−1
∑
i,j
(
(gϕijuiK , ujK)ϕ +
∫
bΩ
grijuiKujKe
−ϕdS
)
+R∗. (17)
The term X and term Y are handled as follows. Use integration by parts, the first
term in X and Y respectively becomes
(LigLjuiK , ujK)ϕ = −(uiKLig, δωjujK)ϕ − (uiKLjLig, ujK)ϕ + S
−(LjgLjuJ , uJ)ϕ = (uJLjg, δωjuJ)ϕ + (uJLjLjg, uJ)ϕ + S.
Integrals of the error term S can be absorbed into the estimate of R∗ term (i.e.,
the last two terms in the right side of (16)) by applying Cauchy inequality (|ab| .
1
ǫ |a|2 + ǫ|b|2).
Apply above two equalities in X and Y , we have:
term X = −2Re(uiKLig, δωjujK)ϕ −
(
(LjLig)uiK , ujK
)
ϕ
+ S (18)
term Y = 2Re(uJLjg, δωjuJ)ϕ +
(
(LjLjg)uJ , uJ
)
ϕ
+ S (19)
Now we relate gij to LjLig and show that the error terms can still be absorbed
into the estimate of |R∗| in (16). By definition and ∂∂ = −∂∂, gij = LjLig +∑n
l=1 c
l
jiLlg. Hence(
(LjLjg)uJ , uJ
)
ϕ
= (gjjuJ , uJ)ϕ −
n∑
l=1
(cljjuJLlg, uJ)ϕ (20)
−((LjLig)uiK , ujK)ϕ = −(gijuiK , ujK)ϕ + n∑
l=1
(cljiuiKLlg, ujK)ϕ (21)
Integral of the last term in above two equalities can be absorbed into the estimate
of |R∗| term in the same way as estimating the term S above. Now apply (20), (21)
into (18), (19), then combine (18), (19) and (17):
||√g∂u||2ϕ + ||
√
g∂
∗
ϕu||2ϕ + Cǫ,γ ||
√
gu||2ϕ + γ
∑′
|J|=q
∑
j≤n
|| 1√
g
(Ljg)uJ ||2ϕ
≥ (1 − ǫ)
∑′
|J|=q
( ∑
j≥s+1
||√gLjuJ ||2ϕ +
∑
j≤s
||√gδωjuJ ||2ϕ
)
+ 2Re
∑′
|J|=q
∑
j≤s
(uJLjg, δωjuJ)ϕ
− 2Re
∑′
|K|=q−1
∑
i,j
(uiKLig, δωjujK)ϕ
+
∑′
|J|=q
∑
j≤s
((
(gjj − gϕjj)uJ , uJ
)
ϕ
−
∫
bΩ
grjjuJuJe
−ϕdS
)
+
∑′
|K|=q−1
∑
i,j
((
(−gij + gϕij)uiK , ujK
)
ϕ
+
∫
bΩ
grijuiKujKe
−ϕdS
)
. (22)
Now apply the Cauchy inequality to the second and third term in above estimate
|(uiKLig, δωjujK)ϕ| . γ′||
1√
g
uiKLig||2ϕ +
1
γ′
||√gδωjujK ||2ϕ,
absorb γ′ into γ, combine the terms of ||√g∂∗ϕu||2ϕ and the theorem follows.
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Now we prove the estimate (16) of |R∗| and this shall complete the proof. If the
terms in R∗ involve products of g(LjuJ)u¯ with j ≥ s+ 1 or g(δωjuJ)u¯ with j ≤ s,
apply the Cauchy inequality:∣∣∫
Ω
g(LjuJ)u¯e
−ϕdV
∣∣ . ǫ||√gLjuJ ||2ϕ + Cǫ||√gu||2ϕ, j ≥ s+ 1,∣∣∫
Ω
g(δωjuJ)u¯e
−ϕdV
∣∣ . ǫ||√gδωjuJ ||2ϕ + Cǫ||√gu||2ϕ, j ≤ s. (23)
The right side of (23) is precisely contained in the right side of (16). This part of
argument covers the estimates of R1, R2, T1, T2 terms completely.
The estimates of X1, X2, W1 and W2 terms follow trivially by using the Cauchy
inequality or upper bound of the derivatives of r, which are contained in the right
side of (16) as well.
To estimate R3 and T3 terms, we write
(gB′ijuiK , ujK)ϕ =
∑
l≤n−1
[
(gcljiδωluiK , ujK)ϕ − (gc¯lijLluiK , ujK)ϕ
]
. (24)
For the term (gcljiδωluiK , ujK)ϕ with l ≤ s, we estimate it the same as in (23) and
hence the resulting terms are in the right side of (16).
For the term (gcljiδωluiK , ujK)ϕ with s+ 1 ≤ l ≤ n− 1, we apply integration by
parts and∣∣ n−1∑
l≥s+1
(gcljiδωluiK , ujK)ϕ
∣∣
≤
n−1∑
l≥s+1
[|(clji(Llg)uiK , ujK)ϕ|+ |(guiK(Llclji), ujK)ϕ|+ |(gcljiuiK , LlujK)ϕ|] .
Apply the Cauchy inequality to each term on the right side of above inequality, it
is clear to see that the resulting terms are contained in the right side of (16). Note
that the boundary integral vanishes by the fact that Ljr = 0 for j < n on bΩ and
unK = 0 on bΩ.
For the term (gc¯lijLluiK , ujK)ϕ, we argue in the same way as above: if l ≥ s+1,
apply the Cauchy inequality; if l ≤ s, we can again interchange Ll terms with δωl
terms by integration by parts and then use the Cauchy inequality. The boundary
integral vanishes again since l ≤ s ≤ n − 1. Hence the resulting terms in the
estimates of R3 and T3 terms are contained in (16).
If R∗ term involves the term of the type gδωn(unK)u¯, we apply integration by
parts first:
|(gδωn(unK), u)ϕ| ≤ |(unK , (Lng)u)ϕ|+ |(unK , gLnu)ϕ|. (25)
The boundary integral vanishes since unK = 0 on bΩ. The second term on the
right side of (25) can be estimated the same way as in (23). Apply the Cauchy
inequality to the first term on the right side of (25), the resulting terms are in the
right side of (16).
Now apply the above estimates of gδωn(unK)u¯ to the corresponding R term, and
the rest of the R term are estimated the same way as we did to Ri and Ti terms
(1 ≤ i ≤ 3). For the R˜j≤s terms, our argument is the same since all terms in R˜j≤s
are the known terms which we estimated above. The proof of (16) is done. 
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Remark 3.1. (1) In viewing the argument along (20) and (21), when we only con-
sider the unified estimate (5), the term gij is essentially comparable to LiLjg (or
LjLig) with an error term of the sum over first order derivatives Lig (or Lig) and
the coefficients only depend on cijk’s. By the argument in above theorem, such error
terms can be again absorbed. Hence we can replace gij with LiLjg and gjj with
LjLjg in the unified estimate (5) if necessary.
(2) The smoothness assumption on u can be weaken to u ∈ dom(∂) ∩ dom(∂∗),
by using the density result that C∞(0,q)(Ω¯) ∩ dom(∂
∗
) is dense in dom(∂) ∩ dom(∂∗)
in the graph norm u 7→ (||u||2 + ||∂u||2 + ||∂∗u||2) 12 (see [14]).
(3) By exchanging basis in complex tangents chart, the index of the terms in
double integrations of formula (10) can be changed from {j ≤ s} to any ordered
index set Is = {jk : 1 ≤ k ≤ s} ⊂ {1, 2, · · · , n − 1}, and from {j ≥ s + 1} to
Js = {1, 2, · · · , n}\Is. The same modification on indices can be applied to the
error estimate (16). Since the ordered index set Is only impacts the estimates on
tangential forms, it is then clear that the unified estimate (5) has the following
generalization:
Corollary 3.2. Let Ω, r, g, ϕ and u be the same as inTheorem 3.1. Let γ > 0
and 0 < ǫ < 1 be arbitrary, then we have for every ordered index set Is = {jk : 1 ≤
k ≤ s} ⊂ {1, 2, · · · , n− 1} and Js = {1, 2, · · · , n}\Is with 1 ≤ s ≤ n− 1, there is a
constant Cǫ,γ > 0 independent of u, ϕ and g such that:
||√g∂u||2ϕ + (1 +
1
γ
)||√g∂∗ϕu||2ϕ + Cǫ,γ ||
√
gu||2ϕ
≥− γ
∑′
|J|=q
∑
j≤n
|| 1√
g
(Ljg)uJ ||2ϕ
+(1 − ǫ)
∑′
|J|=q
(∑
j∈Js
||√gLjuJ ||2ϕ +
∑
j∈Is
||√gδωjuJ ||2ϕ
)
+
∑′
|J|=q
∑
j∈Is
((
(gjj − gϕjj)uJ , uJ
)
ϕ
−
∫
bΩ
grjjuJuJe
−ϕdS
)
+
∑′
|K|=q−1
∑
i,j
((
(−gij + gϕij)uiK , ujK
)
ϕ
+
∫
bΩ
grijuiKujKe
−ϕdS
)
. (26)
We now derive an estimate from (5) which will be used in the next section.
Under the assumption of Theorem 3.1, we assume further that the domain Ω is
pseudoconvex, n > 2, s = n− 2 , q = n− 1 and take ǫ = 12 .
Then we first have∑′
|K|=n−2
∑
i,j
∫
bΩ
grijuiKujKe
−ϕdS −
∑′
|J|=n−1
∑
j≤n−2
∫
bΩ
grjjuJuJe
−ϕdS
=
∫
bΩ
grn−1,n−1|u1,2,··· ,n−1|2e−ϕdS ≥ 0. (27)
Note that rjj ≥ 0 on bΩ for all j ≤ n− 1 by the pseudoconvexity of Ω.
In the terms:∑′
|J|=n−1
∑
j≤n−2
((gjj − gϕjj)uJ , uJ)ϕ +
∑′
|K|=n−2
∑
i,j
((−gij + gϕij)uiK , ujK)ϕ ,
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first take the two sums running over the indices of the tangential part of u, hence
the sum of those parts is equal to∫
Ω
∑
j≤n−2
(gjj − gϕjj)|u1,··· ,n−1|2e−ϕdV +
∫
Ω
∑
j≤n−1
(−gjj + gϕjj)|u1,··· ,n−1|2dV
=
∫
Ω
(−gn−1,n−1 + gϕn−1,n−1)|u1,··· ,n−1|2e−ϕdV. (28)
Combining (25) and (27), note that the error terms from the difference of indices
are only the normal parts of u and therefore we obtain the following estimate under
the assumption before formula (27):
||√g∂u||2ϕ + (1 +
1
γ
)||√g∂∗ϕu||2ϕ + Cγ ||
√
gu||2ϕ (29)
≥ −γ
∑′
|J|=n−1
∑
j≤n
|| 1√
g
(Ljg)uJ ||2ϕ +
∫
Ω
(gϕn−1,n−1 − gn−1,n−1)|u1,··· ,n−1|2e−ϕdV
+
∑′
|J∗|=n−1
∑
j≤n−2
(
(gjj − gϕjj)uJ∗ , uJ∗
)
ϕ
+
∑′
|K∗|=n−2
∑
i,j
(
(−gij + gϕij)uiK∗ , ujK∗
)
ϕ
,
where the tuples J∗, iK∗ and jK∗ contain n.
4. The variant of Property (P˜n−1)
In this section we define a variant of Property (P˜n−1), and prove that this con-
dition implies the compactness of Nn−1 on the associated forms. We start with the
following proposition which estimates the tangential part of any (0, n− 1)-form u.
Proposition 4.1. Let Ω be a smooth bounded pseudoconvex domain in Cn (n > 2)
and U be an open neighborhood of any boundary point P . Suppose φ ∈ C2(Ω¯),
u =
∑′
J
uJ ω¯J ∈ C∞(0,n−1)(Ω¯) ∩ dom(∂
∗
) with support in Ω¯ ∩ U . Let γ > 0 be
arbitrary, there is a constant Cγ > 0 independent of u and φ such that:∫
Ω
(
−(γ + 1)
∑
j≤n
|Ljφ|2 + 2φtt
)
|u1,··· ,n−1|2e−2φdV
≤ (||∂u||22φ + (1 +
1
γ
)||∂∗φu||22φ + Cγ ||u||22φ) + Cφ,γ ||ue−φ||2−1, (30)
for any 1 ≤ t ≤ n− 1.
Proof. We start with the estimate (29). Take ϕ = φ, g = e−φ and let t = n− 1 for
now. By using the definition of fij = LiLjf +
∑n
l=1 c¯
l
ijLlf , it is clear that
gij = −e−φφij + LiφLjφe−φ,
gij − gϕij = −2e−φφij + LiφLjφe−φ,
|| 1√
g
(Ljg)uJ ||2φ =
∫
Ω
|(Ljφ)uJ |2e−2φdV = ||(Ljφ)uJ ||22φ. (31)
Apply (31) in (29) and we have
||∂u||22φ + (1 +
1
γ
)||∂∗φu||22φ + Cγ ||u||22φ
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≥
∫
Ω
[−γ∑
j≤n
|Ljφ|2 + 2φn−1,n−1 − |Ln−1φ|2
]|u1,··· ,n−1|2e−2φdV
− γ
∑′
|J∗|=n−1
∑
j≤n
||LjφuJ∗ ||22φ +
∑′
|J∗|=n−1
∑
j≤n−2
(
(−2e−φφjj + |Ljφ|2e−φ)uJ∗ , uJ∗
)
φ
+
∑′
|K∗|=n−2
∑
i,j
(
(2e−φφij − LiφLjφe−φ)uiK∗ , ujK∗
)
φ
, (32)
where the tuples J∗, iK∗ and jK∗ contain n. Now we estimate the last three terms
in (32), which only involve (coefficients of) the normal parts of u. The argument is
a classical elliptic regularity argument: Let I be an increasing (n − 1)-tuple fixed.
By the classical Sobolev estimates of ∆ (see [11] for example), we have:
||(uNorm)I · e−φ||1 ≤ ||∆
(
(uNorm)I · e−φ
)||−1
≤ Cφ(||u · e−φ||0 + ||∂u · e−φ||0 + ||∂∗φu · e−φ||0). (33)
The second inequality of (33) follows from the fact that ∂ϑ+ϑ∂ acts coefficientwise
as − 14∆ on domains in Cn (see for example in [24], lemma 2.11), where ϑ is formal
adjoint of ∂ in the weighted L2-space. Since we only need to estimate the (weighted)
L2 norm of the normal parts of u, we can use the interpolation of Sobolev norms
(from W 1-norm to W−1-norm) to make the constant Cφ in (33) be independent of
φ:
||(uNorm)I · e−φ||20
≤ ǫ||(uNorm)I · e−φ||21 + Cǫ||(uNorm)I · e−φ||2−1
≤ ǫCφ||u||22φ + ǫCφ||∂u||22φ + ǫCφ||∂
∗
φu||22φ + Cφ,ε||ue−φ||2−1. (34)
Take ǫ sufficiently small, i.e., ǫ≪ min( 1Cϕ , (1 + 1γ )), and hence we have:
||(uNorm)I ||2φ ≤ cǫ(||u||22φ + ||∂u||22φ + ||∂
∗
φu||22φ) + Cγ,φ||ue−φ||2−1. (35)
In (35), the cǫ is sufficiently small by our choice of ǫ and we can further make
it smaller and absorb the coefficients of the derivatives of φ in the last three terms
on the right side of (32). Now first apply the Cauchy inequality to the last three
terms on the right side of (32), use (35) to estimate the normal parts of u, absorb
terms and hence we have:∫
Ω
(
−(γ + 1)
∑
j≤n
|Ljφ|2 + 2φn−1,n−1
)
|u1,··· ,n−1|2e−2φdV
≤ (||∂u||22φ + (1 +
1
γ
)||∂∗φu||22φ + Cγ ||u||22φ) + Cφ,γ ||ue−φ||2−1. (36)
The estimate (36) finishes the proof of the case t = n− 1. Now we interchange the
basis in the special boundary chart L1, · · · , Ln−1 but keep the complex normal Ln
remain the same (so that the complex tangent part of u is still u1,··· ,n−1), hence by
running the argument again, our proposition follows. 
In viewing Proposition 4.1, we define the variant of Property (P˜n−1) as follows.
Definition 4.1. For a smooth bounded pseudoconvex domain Ω in Cn (n > 2),
bΩ has Property (P˜#n−1) if there exists a finite cover {Vj}Nj=1 of bΩ with special
boundary charts defined on each Vj and the following holds on each Vj : for any
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M > 0, there exists an open neighborhood U of bΩ and a C2 smooth function λ
on U ∩ Vj , such that λtt(z) ≥ M and
∑n
i=1 |Liλ|2(z) ≤ τλtt(z) hold on U ∩ Vj for
some t (1 ≤ t ≤ n− 1), with τ > 0 independent of M .
Remark 4.1. The neighborhood U can be dependent on M and λ also depends on
M . The constant τ in the Definition 4.1 can be made arbitrarily small positive by
scaling the function λ to ηλ. The condition on |Liλ| essentially means the norm of
each component of the gradients of λ is uniformly bounded by a certain diagonal
entry in the complex Hessian of λ.
Theorem 4.2. Let Ω ⊂ Cn (n > 2) be a smooth bounded pseudoconvex domain.
If bΩ has Property (P˜#n−1), then the ∂-Neumann operator Nn−1 is compact on
L2(0,n−1)(Ω).
Proof. By Proposition (2.3), it suffices to establish compactness of ∂
∗
Nn−1 and
∂
∗
Nn. Since the ∂-Neumann problem on (0, n)-forms in C
n degenerates to an el-
liptic partial differential equation with Dirichlet boundary condition, Nn is always
compact. Hence ∂
∗
Nn is compact in viewing Proposition (2.3) again. The com-
pactness of ∂
∗
Nn−1 is equivalent to compactness of its adjoint (∂
∗
Nn−1)
∗, hence we
only need to prove the compactness of (∂
∗
Nn−1)
∗. This operator has the advantage
that it is identically zero on ker(∂) and we only need to prove the compactness on
ker(∂)⊥.
Given any M > 0, on each Vj , we take γ =
1
2τ − 1 and φ = λ, where we can
assume λ is smooth on all of U ∪Ω (shrinking U if necessary). Apply the estimate
(30) together with Definition 4.1, then we have:∫
Ω
λtt|u1,··· ,n−1|2e−2λdV ≤ ||∂u||22λ + ||∂
∗
λu||22λ + Cτ ||u||22λ +Cλ,τ ||ue−λ||2−1, (37)
for any u ∈ C∞(0,n−1)(Ω¯) ∩ dom(∂
∗
) with support in Vj ∩ U .
By pairing with compact supported forms, we have:
∂
∗
λu = ∂
∗
u+
∑′
|K|=n−2
( n∑
j=1
(Ljλ)ujK
)
ωK ,
∂
∗
(e−λu) = e−λ∂
∗
u+ e−λ
∑′
|K|=n−2
( n∑
j=1
(Ljλ)ujK
)
ωK ,
e−λ∂
∗
λu = ∂
∗
(e−λu).
Now take squared L2-norms, hence we have:∫
Ω
λtt|u1,··· ,n−1|2e−2λdV
≤ ||e−λ∂u||20 + ||∂
∗
(e−λu)||20 + Cτ ||e−λu||20 + Cλ,τ ||ue−λ||2−1. (38)
The L2 estimate for normal part of u can be done exactly the same as we did in
the proof of Proposition 4.1 (see the argument along formula (33) to (35)). Apply
the Definition 4.1, adding (38) and the L2 estimate for normal part, moving M to
the right side and hence we have for any u ∈ C∞(0,n−1)(Ω¯) ∩ dom(∂
∗
) with support
in Vj ∩ U :
||e−λu||20 ≤
C2
M
(||e−λ∂u||20 + ||∂∗(e−λu)||20)+ CM ||e−λu||2−1. (39)
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We remark here that by first varying τ sufficiently small and then varying M
arbitrarily big, C2M is arbitrary small positive.
Now for any (0, n− 1)-form u ∈ C∞(Ω) ∩ dom(∂∗) without any assumption on
support, we use partition of unity with support functions in Ω and near bΩ. Notice
that ∂ and ∂
∗
produce derivatives of those support functions which contain no
derivatives of u. These terms are compactly supported in Ω and can be treated in
the same way as normal parts of u by using the interior elliptic regularity argument.
Therefore, adding (39) over all partitions, we conclude that the estimate (39) holds
true for any u ∈ C∞(0,n−1)(Ω) ∩ dom(∂
∗
). The C∞ smoothness assumption in (39)
can also be replaced by u ∈ dom(∂) ∩ dom(∂∗) (see Remark 3.1). Therefore we
have for any (0, n− 1)-form u ∈ ker(∂) ∩ dom(∂∗),
||e−λu||20 ≤
C2
M
(||e−λ∂u||20 + ||∂∗(e−λu)||20)+ CM ||e−λu||2−1
=
C2
M
||∂∗(e−λu)||20 + CM ||e−λu||2−1. (40)
The estimate (40) is the compactness estimate for (∂
∗
Nn−1)
∗ on e−λ ker(∂). Since
we need to prove the compactness estimate for the same operator on ker(∂), it is
necessary to argue further to overcome the “movement” of the space.
There are two methods at this point, one is to follow along McNeal’s argument
in [21] where the author analyses on the space of {e−φ∂∗φu}, locates one solution
to ∂-problem in the dual space and uses the minimal L2-norm property of the
canonical solution to obtain the desired compactness estimate on ker(∂). Applying
such argument in our case requires additional treatment on the ||e−λu||−1 term in
(39). The second method is to follow along Straube’s argument (see section 4.10,
[24]) where the author uses a weighted Bergman projection Pn−1,λ and corrects
the movement of ker(∂) in the compactness estimate. We choose to follow the
second method since the ||e−λu||−1 term is benign under such argument. Given
the estimate (40), the argument afterwards is now trivial by following Straube’s
argument (see the argument along formula (4.82) to (4.85) in section 4.10, [24]).
We point out key steps for reader’s convenience, and provide some additional steps
which were not explained in Straube’s argument.
Define the Bergman projection Pn−1 as the orthogonal projection from L
2
(0,n−1)(Ω)
to ker(∂) under the L2 inner product. Define the weighted Bergman projection
Pn−1,λ as the orthogonal projection from L
2
(0,n−1)(Ω) to ker(∂) under the weighted
inner product (·, ·)λ. Given any v ∈ ker(∂) ∩ dom(∂∗), Straube’s argument shows
that for above v,
||v||20 ≤
C0
M
||∂∗v||20 + CM ||e−λ · Pn−1,λ(eλv)||2−1. (41)
We apply Lemma 2.2 to prove the operator (∂
∗
Nn−1)
∗ restricted to L2(Ω) ∩
ker(∂)⊥, is compact. Take || · ||X and || · ||Y be the L2-norms, and || · ||Zǫ = || · ||−1
be the Sobolev W−1-norm for any ǫ. Define an operator R : v 7→ e−λ ·Pn−1,λ(eλv).
By Rellich lemma applying on the trivial inclusion j : L2(Ω)→W−1(Ω), we know
that R is compact from L2(0,n−1)(Ω) to W
−1
(0,n−1)(Ω). Now take Sǫ = R ◦ ∂Nn−2
for any ǫ, then Sǫ is compact from L
2(Ω) to W−1(Ω) on the respective level of
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forms. Note that ∂Nn−2 is the canonical solution operator to ∂
∗
-problem, which is
continuous in L2-norm (see [14]).
Now for any x ∈ L2(0,n−2)(Ω) ∩ ker(∂)⊥, let v = ∂Nn−2x ∈ ker∂ ∩ L2(0,n−1)(Ω).
Use the estimate (41), together with the fact that ∂
∗
v = x, we have for any ǫ > 0:
||(∂∗Nn−1)∗x||20 ≤ ǫ||x||20 + Cǫ||Sǫx||2−1.
In viewing Lemma 2.2, the operator (∂
∗
Nn−1)
∗ restricted to ker(∂)⊥, is compact.
Notice that (∂
∗
Nn−1)
∗ is zero on ker(∂), the proof is complete. 
Remark 4.2. On the level of individual function, Property (P˜#n−1) is different from
McNeal’s Property (P˜n−1) in the following sense. In Property (P˜n−1), the self-
boundedness applies on the whole gradient of the function λ (see Definition 2.2),
while in Property (P˜#n−1), the self-boundedness applies on each component of the
gradient of λ. Our definition of Property (P˜#n−1) does not depend on the eigenvalues
of the complex Hessian of λ, indeed only the diagonal entries in the complex Hessian
of λ are involved in our definition of Property (P˜#n−1) and the index t can be varied
on different patch Vj ’s.
It is the difference on the requirement of complex Hessian and diagonal entry
that makes our result particularly interesting. A complex Hessian of some function
η such as a diagonal 3 × 3 matrix with diagonal entries M, 0,−M in a special
boundary chart satisfies η11 ≥ M , but it does not satisfy the condition that the
sum of any two eigenvalues of the Hessian is at least M .
On the other hand, take a function ψ in C3 that the sum of any two eigenvalues of
its complex Hessian is at least M . By the well-known Schur majorization theorem
in linear algebra, the sum of any two diagonal entries of the Hessian is at least M
in any special boundary chart. Hence at one fixed point P , there must exist one
diagonal entry ψtt ≥ M2 in the Hessian at P . A continuity argument gives to a
neighborhood of P (dependent on M) that above inequality still holds.
The above two examples show that on the level of individual function, the re-
quirement of λtt ≥ M in the Property (P˜#n−1) does not imply the sum of any two
eigenvalues of the Hessian is greater than M . In addition, at one fixed point P ,
the requirement that sum of any two eigenvalues of the Hessian is greater than M
implies the existence of a certain λtt ≥ M2 at same point P in any special boundary
chart. Although it is not clear if the continuity argument can be patched together,
our condition on the diagonal entry does provide a candidate of weaker sufficient
condition for the compactness of the ∂-Neumann operator on (0, n− 1)-forms than
Property (P˜n−1).
5. The variant of Property (Pn−1)
In this section, we study a different variant of Property (Pn−1) on smooth pseu-
doconvex domains in Cn, which implies the compactness of Nn−1 on L
2
(0,n−1)(Ω).
We first derive an estimate for the tangential part of the (0, n− 1)-form supported
near the boundary, the desired compactness estimate for Nn−1 will then follow.
The start point is to take g = 1, ǫ = γ = 12 in the unified estimate (5), and this
coincides with the following q-pseudoconvex Ahn-Zampieri estimate. Denote ρ as
the defining function of Ω, u ∈ C∞(0,n−1)(Ω¯) ∩ dom(∂
∗
) with support in Ω¯ ∩ U and
ϕ ∈ C2(Ω¯).
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Proposition 5.1 ([1], [25]). For every integer s with 1 ≤ s ≤ n− 1:
C(||∂u||2ϕ + ||∂
∗
ϕu||2ϕ) + C||u||2ϕ (42)
≥
∑′
|K|=n−2
n∑
j,k=1
∫
Ω
ϕjkujKukKe
−ϕ dV −
∑′
|J|=n−1
∑
j≤s
∫
Ω
ϕjj |uJ |2e−ϕ dV
+
∑′
|K|=n−2
n∑
j,k=1
∫
bΩ
ρjkujKukKe
−ϕ dσ −
∑′
|J|=n−1
∑
j≤s
∫
bΩ
ρjj |uJ |2e−ϕ dσ.
Here u, ϕ, Ω and ρ are defined as above.
To apply above estimate in our case, notice that since we work with (0, n − 1)
form u, the only tangential part of u is u1,2,··· ,n−1 ω1∧ω2∧· · ·∧ωn−1, therefore if we
control the regularity estimate of u1,2,··· ,n−1, we can derive the desired compactness
estimate.
Proposition 5.2. Let Ω be a smooth pseudoconvex domain, u =
∑′
J uJωJ ∈
C∞(0,n−1)(Ω) ∩ dom(∂
∗
) with supp(u) ∈ Ω∩U , where U and {ωj}nj=1 forms a special
boundary chart defined as above. Let ϕ ∈ C2(Ω) and denote ρ as the defining
function of Ω. We have the following estimates:∫
Ω
ϕtt|u1,2,··· ,n−1|2e−ϕ dV
≤ C(||∂u||2ϕ + ||∂
∗
ϕu||2ϕ + ||u||2ϕ) + Cϕ||e−
ϕ
2 u||2−1, ∀1 ≤ t ≤ n− 1. (43)
Proof. The framework of proof is similar to that in Proposition 4.1. We make use
of the estimate in Proposition 5.1 in our proof. Take s = n− 2 in Proposition 5.1.
We start with the last two terms in the estimate (42) and put in the condition
unK = 0 on bΩ (since u ∈ dom(∂∗)), hence the last line in the estimate (42)
becomes: ∑′
|K|=n−2
n∑
j,k=1
∫
bΩ
ρjkujKukKe
−ϕ dσ −
∑′
|J|=n−1
∑
j≤s
∫
bΩ
ρjj |uJ |2e−ϕ dσ
=
∫
bΩ
ρn−1,n−1|u1,2,··· ,n−1|2e−ϕ dσ ≥ 0. (44)
Notice that ρjj ≥ 0 on bΩ for all j ≤ n− 1 by pseudoconvexity of Ω.
To estimate the second line in the estimate (42), we first take the two sums
running over the indices of the tangential part of u:∑′
|K˜|=n−2
n−1∑
j,k=1
∫
Ω
ϕjkujK˜ukK˜e
−ϕ dV −
∑′
|J˜|=n−1
∑
j≤s
∫
Ω
ϕjj |uJ˜ |2e−ϕ dV
=
∫
Ω
ϕn−1,n−1|u1,2,··· ,n−1|2e−ϕ dV, (45)
where K˜ is the set of (n − 2)-tuples of K which do not contain n and J˜ is the of
(n− 1)-tuples of J which do not contain n.
To estimate the error terms from the difference of indices, we notice that the error
terms only involve (coefficients of) the normal parts of u. Therefore the treatment
is the same as in the proof of Proposition 4.1. We have:
||(uNorm)I ||0,ϕ ≤ cǫ(||u||0,ϕ + ||∂u||0,ϕ + ||∂∗ϕu||0,ϕ) + Cϕ||ue−
ϕ
2 ||2−1. (46)
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Now first apply Cauchy inequality to all normal parts of u in the second line of
the estimate (42), use (46) (the coefficients ϕjk can be absorbed by the arbitrarily
small cǫ in (46)) to estimate the normal parts of u, then use (45) to estimate the
tangential parts of u in the second line of the estimate (42) and apply Proposition
5.1, we have: ∫
Ω
ϕn−1,n−1|u1,2,··· ,n−1|2e−ϕ dV
≤ C(||∂u||2ϕ + ||∂
∗
ϕu||2ϕ + ||u||2ϕ) + Cϕ||e−
ϕ
2 u||2−1. (47)
We proved the proposition for t = n− 1, for the rest cases we just need to permute
the basis in the special boundary chart and by symmetry, our proposition follows.

With the proof of Proposition 5.2, it is quite clear to see how we formulate the
variant of Property (Pn−1). We have the following definition:
Definition 5.1. For a smooth bounded pseudoconvex domain Ω ⊂ Cn (n > 2),
bΩ has Property (P#n−1) if there exists a finite cover {Vj}Nj=1 of bΩ with special
boundary charts and the following holds on each Vj : for any M > 0, there exists a
neighborhood U of bΩ and a C2 smooth function λ on U∩Vj , such that 0 ≤ λ(z) ≤ 1
and there exists t (1 ≤ t ≤ n− 1) such that λtt ≥M on U ∩ Vj .
Remark 5.1. The difference between the complex Hessian and diagonal entry in
Property (Pn−1) and Property (P
#
n−1) is discussed in Remark 4.2. We only point
out that by Schur majorization theorem, Property (Pn−2) implies Property (P
#
n−1),
but it is still unclear what the relation is between Property (Pn−1) and Property
(P#n−1) on the level of function families.
Now we prove the main theorem in this section:
Theorem 5.3. Let Ω ⊂ Cn (n > 2) be a smooth bounded pseudoconvex domain.
If bΩ has Property (P#n−1), then the ∂-Neumann operator Nn−1 is compact on
L2(0,n−1)(Ω).
Proof. Fix M > 0, by Proposition 2.3 we need to prove the following compactness
estimate for (0, n− 1) forms u ∈ dom(∂) ∩ dom(∂∗):
||u||2 ≤ C
M
(||∂u||2 + ||∂∗u||2) + CM ||u||2−1. (48)
It suffices to establish (48) for u ∈ C∞(0,n−1)(Ω) ∩ dom(∂
∗
) by using the density
of these forms in dom(∂) ∩ dom(∂∗) (See [14]).
Since bΩ has Property (P#n−1), on each special boundary chart Vj , there exists
an open neighborhood UM of bΩ and a C
2 smooth function λM on UM ∩ Vj such
that 0 ≤ λM ≤ 1 and ∃t (1 ≤ t ≤ n − 1) such that λMtt ≥ M on UM ∩ Vj . By
choosing a function η in C2(Ω) which agrees near UM ∩ Vj with λM and 0 ≤ η ≤ 1
on Ω, we can further assume λM ∈ C2(Ω) and 0 ≤ λM ≤ 1.
Now assume first that u is supported near the boundary and by a partition
of unity, we may assume that u is supported in Vj ∩ UM for some j. We apply
Proposition 5.2 with ϕ = λM and notice that the weighted norm is comparable to
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the usual unweighted L2-norm since 0 ≤ λM ≤ 1, hence we have:∫
Ω
|u1,2,··· ,n−1|2 dV ≤ C
M
(||∂u||2 + ||∂∗u||2 + ||u||2) + CM ||u||2−1. (49)
By estimate (49), we only need to estimate the normal part of u, but this can be
done exactly the same as we did in the proof of Proposition 5.2. Hence estimate (49)
holds when we replace the left side with normal components of u. Now absorbing
the the CM ||u||2 into the left side, we have:
||u||2 ≤ C
M
(||∂u||2 + ||∂∗u||2) + CM ||u||2−1. (50)
Hence the compactness estimate is established when u is supported near the bound-
ary.
When u has compact support in Ω, the desired compactness estimate follows
from the interior elliptic regularity of ∂ ⊕ ∂∗ with the constant C independent of
the support. This part of the argument is the same as in the argument along the
formula (35) in Proposition 4.1. Hence the compactness estimate follows for u
compactly supported in Ω.
Finally choose a partition of unity of Ω, such that χ0 is supported in Ω and
χ1 is supported near bΩ. We have established the compactness estimates for χ0u
and χ1u. Notice that ∂ or ∂
∗
produces derivatives of χ0 and χ1 which contain
no derivatives of u. Hence these terms are compactly supported in Ω and can be
estimated in the same way as normal parts. Therefore our compactness estimate
holds and the theorem follows. 
Remark 5.2. The formulation of Property (P#n−1) depends on the choice of s in
Proposition 5.1 which implies the third line in (42) nonnegative. We note that
for (0, n − 1)-forms, it is still valid to choose any 1 ≤ s ≤ n − 2 and it is easy
to carry out a parallel argument and definition regarding the associated variant of
Property (Pn−1) and the compactness of Nn−1 still follows. In contrast to Property
(P1), the functions in the definition of Property (Pq) for q > 1 are not required
to be plurisubharmonic, hence this allows additional flexibility on each individual
eigenvalue and each diagonal entry of the complex Hessian of the function involved
in the definition to be positive, negative or zero. We refer the reader to [27] and
[28] for the above phenomenon regarding Property (Pq) for q > 1. The above
observation still occurs in the second line of (42) of Proposition 5.1: the term∑′
|K|=n−2
∑n
j,k=1 ϕjkujKukK characterizes the sum of any n−1 eigenvalues of the
matrix (ϕjk) (compare Lemma 2.4), and each diagonal entry ϕjj can be positive,
negative or zero.
6. An application of Property (P#n−1)
In this section, we discuss the relation of small set of infinite-type points on the
boundary of pseudoconvex domain and compactness of the ∂-Neumann operator
Nn−1.
This subject is motivated by the results of Sibony ([23]) and Boas ([2]) on general
pseudoconvex domains: let q = 1 and assume that the set K of the weakly pseu-
doconvex points on the boundary bΩ has Hausdorff 2-dimensional measure zero in
Cn, then the ∂-Neumann operator N1 is compact on L
2
(0,1)(Ω). Boas ([2]) has an
explicit construction of the function λ in the Property (P1) of Catlin that involved
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in the proof. Due to the lack of biholomorphic invariance on Property (Pq) when
q > 1, the approach can not be generalized to the case q > 1 (see remark after the
proof) and hence Nq is not known to be compact in the q > 1 case.
The following result due to Sibony ([23]) will be used in our proof:
Proposition 6.1 ([23]). Let K be a compact subset in Cn (n ≥ 1) and K has
Lebesgue measure zero in Cn. Then K has Property (Pn) in C
n.
By applying the Property (P#n−1) and Theorem 5.3, we prove the following the-
orem which generalizes above result of Sibony and Boas to the case of q = n− 1:
Theorem 6.2. Let Ω be a smooth bounded pseudoconvex domain in Cn. If the
Hausdorff (2n − 2)-dimensional measure of weakly pseudoconvex points of bΩ is
zero, then the ∂-Neumann operator Nn−1 is compact on L
2
(0,n−1)(Ω) forms.
Proof. Let {ξj}n−1j=1 be the orthonormal coordinates which span the complex tan-
gent space Z in the special boundary chart at a boundary point P . Let V be a
neighborhood of the boundary point P , and K be the weakly pseudoconvex points
on the boundary bΩ. Let πZ : Cn → Cn−1 be the projection map from Cn onto the
complex tangent space Z at P .
The set πZ(K ∩ V ) has Hausdorff-(2n− 2) dimensional measure zero in a copy
of Cn−1, since any continuous map preserves Hausdorff measure zero set. Because
Hausdorff-(2n−2) dimensional measure is equivalent to Lebesgue measure in Cn−1
(modulo a constant), by Proposition 6.1, the set πZ(K∩V ) has Property (Pn−1) of
Catlin. That is, for any M > 0, there exists a neighborhood in Cn−1 of πZ(K ∩V )
and a C2 smooth function λM (ξ1, · · · , ξn−1) such that 0 ≤ λM ≤ 1 and the real
Laplacian ∆λM (ξ1, · · · , ξn−1) ≥ M on the above neighborhood of πZ(K ∩ V ).
Here the Laplacian is taken with respect to the coordinates (ξ1, · · · , ξn−1) in Cn−1.
Then ∆λM (ξ1, · · · , ξn−1) =
∑n−1
j=1 λ
M
jj by using the invariance of real Laplacian
under orthonormal coordinates change.
On the neighborhood V , define the trivial extension function ηM (ξ1, ξ2, · · · , ξn) =
λM (ξ1, · · · , ξn−1). Then the real Laplacian ∆ηM on the boundary is equal to the
real Laplacian ∆λM . Consider the entries in the complex Hessian of (ηMjk ), the size
of this matrix is n× n. For 1 ≤ j ≤ n− 1, ηMjj = λMjj by direct verification.
Now let the set EMj = π
Z(K ∩ V ) ∩ {ηMjj ≥ Mn−1}, 1 ≤ j ≤ n. By definition of
λM , we have πZ(K ∩ V ) ⊆ ⋃n−1j=1 EMj . Then ⋃n−1j=1 (π−1Z (EMj ) ∩ V ) ⊇ K ∩ V , here
π−1Z is the inverse map of π
Z .
The diagonal entry ηMjj in the complex Hessian of (η
M
jk ) satisfies the conditions
in the definition of Property (P#n−1) on each π
−1
Z (E
M
j ) ∩ V when 1 ≤ j ≤ n − 1.
Now since
⋃n−1
j=1
(
π−1Z (E
M
j )∩V
) ⊇ K ∩V by the previous paragraph, we can apply
Property (P#n−1) together with the partition of unity to prove compactness estimate
locally on V . The cut-off functions in the partition should produce extra partial
derivatives by hitting ∂ and ∂, but those derivatives can be handled in the same
way as the proof of Theorem 5.3, hence the desired compactness estimate (see (ii)
in Proposition 2.3) will not be affected. Also for the strongly pseudoconvex points
on V , they are naturally of D’Angelo’s finite type and hence compactness estimate
holds there (see [3], [6] or [24]). Since compactness of the ∂-Neumann operator is
a local property, the conclusion follows. 
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Remark 6.1. For the case of Hausdorff 2-dimensional measure and compactness of
N1, the essential argument in Sibony and Boas’s work ([2] and [23]) is to show
that the infinite-type points on the boundary satisfy Property (P1) of Catlin. In
such argument, the idea is to project the set K of infinite-type points to each zj-
plane and the resulting set satisfies Property (P1) on each complex 1-dimensional
plane, hence summing all involved functions in the definition of Property (P1) will
give the desired conclusion. Now in our case of Theorem 6.2, such summation of
functions does not work since eigenvalues from each respective complex Hessian
interfere the summation of eigenvalues in the whole complex Hessian. Therefore,
verifying Property (Pq) or Property (P˜q) under such case appears not to work. A
detailed explanation of such phenomenon under potential analysis background can
also be found in the author’s recent work (see remarks after Corollary 3.2 in [28]).
Our result in Theorem 6.2 shows that small set of weakly pseudoconvex points (or
infinite-type points) on the boundary in the sense of Hausdorff-(2n−2) dimensional
measure is benign for compactness of Nn−1.
7. The general case for (0, q)-forms
The study of arbitrary level of (0, q)-forms is motivated by the Remark 5.2. We
first list the generalized version of Proposition 5.1 on (0, q)-forms in [1] and [25],
which can be obtained from the unified estimate (5) and (26) as well. Let U be a
neighborhood of any boundary point of a smooth pseudoconvex domain Ω, equipped
with a special boundary chart.
Proposition 7.1 ([1], [25]). For every integer q, s with 1 ≤ q ≤ n− 1 and 1 ≤ s ≤
n− 1:
C(||∂u||2ϕ + ||∂
∗
ϕu||2ϕ) + C||u||2ϕ (51)
≥
∑′
|K|=q−1
n∑
j,k=1
∫
Ω
ϕjkujKukKe
−ϕ dV −
∑′
|J|=q
∑
j∈Is
∫
Ω
ϕjj |uJ |2e−ϕ dV
+
∑′
|K|=q−1
n∑
j,k=1
∫
bΩ
ρjkujKukKe
−ϕ dσ −
∑′
|J|=q
∑
j∈Is
∫
bΩ
ρjj |uJ |2e−ϕ dσ.
Here ϕ, Ω and ρ are defined as Proposition 5.1, u =
∑′
J uJωJ ∈ C∞(0,q)(Ω)∩dom(∂
∗
)
with supp(u) ∈ Ω ∩ U , and Is = {jk, 1 ≤ k ≤ s} ⊂ {1, · · · , n − 1} is any ordered
index set.
To utilize Proposition 7.1 in our study, the third line of (51) need to be nonnega-
tive. By Schur majorization theorem, the sum of smallest q eigenvalues of an n×n
Hermitian matrix is less than or equal to the sum of smallest q diagonal entries
of the same matrix (1 ≤ q ≤ n). This fact together with the calculation in (44)
implies the following lemma:
Lemma 7.2. Given a smooth bounded pseudoconvex domain Ω ⊂ Cn (n > 2), for
a fixed s (1 ≤ s ≤ n− 2), there exists q0 (s+ 1 ≤ q0 ≤ n− 1) and an ordered index
set Is = {jk, 1 ≤ k ≤ s} ⊂ {1, · · · , n− 1} such that the following estimate holds for
all u ∈ C∞(0,q)(Ω) ∩ dom(∂
∗
) with q ≥ q0:∑′
|K|=q−1
n∑
j,k=1
∫
bΩ
ρjkujKukKe
−ϕ dσ −
∑′
|J|=q
∑
j∈Is
∫
bΩ
ρjj |uJ |2e−ϕ dσ ≥ 0. (52)
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We mention that the left hand side of (52) is purely determined by the behavior of
the Levi form restricted to the complex tangents space in the boundary. In fact, the
first term of the left hand side of (52) characterizes the sum of smallest q eigenvalues
on the Levi form restricted to the complex tangents space in the boundary (compare
Lemma 2.4) and the second term in (52) only involves the diagonal entries of the
Levi form restricted to the complex tangents space in the boundary, which we know
by the pseudoconvexity of Ω, ρjj ≥ 0 on bΩ for 1 ≤ j ≤ n− 1.
We also point out the difference in applying the q-pseudoconvex estimates be-
tween this article and [18] in which Khanh and Zampieri discussed a (q−P ) property
for the compactness of Nq on q-pseudoconvex domains. In [18], the level of L
2 forms
are fixed first, after which a maximal possible s (the q0 in [18]) is obtained in the
definition of q-pseudoconvex and (q − P ) property. We reverse the treatment by
first fixing s then considering the minimal possible level q0 of forms on which (52)
and the compactness estimate holds. It is essentially this part of idea that leads to
the variants of Catlin’s Property (Pq) and McNeal’s Property (P˜q). Because of this
different treatment on q and s, the pseudoconvex domains that satisfy (52) form a
subset of all pseudoconvex domains.
Example 7.1. Near a boundary point P of Ω in Lemma 7.2, suppose the Levi form
(ρjk)n−1,n−1 is diagonalized, then the diagonal entries now are precisely equal to
eigenvalues of the Levi form. Since q0 ≥ s+ 1, we select s smallest eigenvalues, let
Is be their indices, and it is clear that by Lemma 2.4, the inequality (52) holds here
near P .
Definition 7.1. Given a smooth bounded pseudoconvex domain Ω ⊂ Cn (n > 2),
for a fixed s (1 ≤ s ≤ n − 2), with q0 and the ordered index set Is defined as in
(52), we define Property (P#q ) for q ≥ q0 as follows:
bΩ has Property (P#q ) for q ≥ q0 if there exists a finite cover {Vj}Nj=1 of bΩ with
special boundary charts and the following holds on each Vj : for any M > 0, there
exists a neighborhood U of bΩ and a C2 smooth function λ on U ∩ Vj , such that
(i) 0 ≤ λ(z) ≤ 1 and (ii)∑′
|K|=q−1
∑
j,k
λjk(z)wjKwkK −
∑′
|J|=q
∑
j∈Is
λjj(z)|wJ |2 ≥M |w|2
for any z ∈ U ∩ Vj and any (0, q)-form w.
Take s = n − 2 and q0 = n − 1, the definition coincides with that of Property
(P#n−1) in section 5. A parallel argument as in section 5 immediately gives the
following generalized theorem.
Theorem 7.3. Let Ω ⊂ Cn (n > 2) be a smooth bounded pseudoconvex domain.
For a fixed s (1 ≤ s ≤ n− 2) and the associated q0, Is, if bΩ has Property (P#q ) for
q ≥ q0, then the ∂-Neumann operator Nq is compact on L2(0,q)(Ω).
Proof. We briefly outline the proof and address the difference with the case q =
n − 1. Without loss of generality, we may take the index set Is in the inequality
(52) to be Is = {1, · · · , s} by an exchange of complex tangent basis. It is clear
that with s and q0 above, the third line in the estimate of (51) is nonnegative. To
estimate the second line in the estimate (51), we again take the two sums running
over the indices of the tangential part of u and assume u is supported in a special
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boundary chart of bΩ:
∑′
|K˜|=q−1
n−1∑
j,k=1
∫
Ω
ϕjkujK˜ukK˜e
−ϕ dV −
∑′
|J˜|=q
∑
j≤s
∫
Ω
ϕjj |uJ˜ |2e−ϕ dV
≥
∫
Ω
M |uTan|2e−ϕ dV, (53)
where M denotes the lower bound of the part (ii) in Definition 7.1. Use the
estimate (53) instead of the estimate (45) to estimate the tangential parts of u.
The rest arguments only involve with the estimate on the normal parts of u and
by following verbatim the proof of Proposition 5.2 and Theorem 5.3, hence our
theorem follows. 
Finally we give the definition of Property (P˜#q ).
Definition 7.2. Given a smooth bounded pseudoconvex domain Ω ⊂ Cn (n > 2),
for a fixed s (1 ≤ s ≤ n− 2), with q0 and Is defined as in (52) we define Property
(P˜#q ) for q ≥ q0 as follows:
bΩ has Property (P˜#q ) for q ≥ q0 if there exists a finite cover {Vj}Nj=1 of bΩ with
special boundary charts and the following holds on each Vj : for any M > 0, there
exists a neighborhood U of bΩ and a C2 smooth function λ on U ∩ Vj , such that:
(i)
∑′
|J|=q
∑
j≤n
|Ljλ(z)wJ |2 ≤ τ
( ∑′
|K|=q−1
∑
j,k
λjk(z)wjKwkK −
∑′
|J|=q
∑
j∈Is
λjj(z)|wJ |2
)
,
(ii)
∑′
|K|=q−1
∑
j,k
λjk(z)wjKwkK −
∑′
|J|=q
∑
j∈Is
λjj(z)|wJ |2 ≥M |w|2,
for any z ∈ U ∩ Vj and any (0, q)-form w, here the constant τ > 0 is independent
of M .
Theorem 7.4. Let Ω ⊂ Cn (n > 2) be a smooth bounded pseudoconvex domain.
For a fixed s (1 ≤ s ≤ n− 2) and the associated q0, Is, if bΩ has Property (P˜#q ) for
q ≥ q0, then the ∂-Neumann operator Nq is compact on L2(0,q)(Ω).
Proof. We only point out the different steps from the case of q = n − 1. For
the fixed s, q0 and Is, we claim that Property (P˜
#
q ) implies Property (P˜
#
q+1). By
Schur majorization theorem, if (ii) of Property (P˜#q ) holds, then the q-th smallest
eigenvalue of the complex Hessian (λjk) must be positive. This implies that the
(q + 1)-th smallest eigenvalue of (λjk) must be positive as well. Hence (ii) of
Property (P˜#q ) still holds for the case of q + 1 with the same function family λ, by
Lemma 2.4.
To prove (i) holds for the case of q + 1 with the same function family λ, let
|w|2 :=∑′|J|=q |wJ |2 for any (0, q)-form w. Then (i) in Property (P˜#q ) implies that:∑′
|K|=q−1
∑
j,k
λjk(z)wjKwkK ≥ |w|2
[∑
j∈Is
λjj(z) +
1
τ
∑
j≤n
|Ljλ(z)|2
]
. (54)
Since we proved that the (q+1)-th smallest eigenvalue of (λjk) must be positive,
by Lemma 2.4 again, inequality (54) still holds for any (0, q+1)-form w by changing
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K to be any q-tuple. Hence for any (0, q + 1)-form w, we have∑′
|K|=q
∑
j,k
λjk(z)wjKwkK ≥ |w|2
[∑
j∈Is
λjj(z) +
1
τ
∑
j≤n
|Ljλ(z)|2
]
,
which is equivalent to (i) for the case of q + 1. Therefore, Property (P˜#q ) implies
Property (P˜#q+1). By Proposition 2.3, we need to prove compactness of ∂
∗
Nq and
∂
∗
Nq+1 on the respective kernel space. Since Property (P˜
#
q ) implies Property
(P˜#q+1), it suffices to prove compactness of ∂
∗
Nq. Therefore, the rest of argument
only involves with proving compactness of (∂
∗
Nq)
∗ on ker(∂)⊥.
Suppose u =
∑′
J uJ ω¯J ∈ C∞(0,q)(Ω¯)∩ dom(∂
∗
) with support in one of the special
boundary chart Vj in the Definition 7.2. In the basic estimate (26), take ϕ =
g = λ, γ = 12τ − 2 and ǫ = 12 . Apply Definition 7.2, and by the same type of
calculation along the proof in Proposition 4.1 and Theorem 4.2, we have: ||u||22λ ≤
C
M (||e−λ∂u||20+ ||∂
∗
(e−λu)||20). Then in general, by using the partition of unity and
the interior elliptic regularity argument we have for any (0, q)-form u ∈ ker(∂) ∩
dom(∂
∗
):
||e−λu||20 ≤
C2
M
||∂∗(e−λu)||20 + CM ||e−λu||2−1.
To correct the movement of the weighted space, we again use Straube’s argument
by defining the weighted Bergman projection Pq,λ as the orthogonal projection onto
ker(∂) under the weighted inner product. The argument now is verbatim along the
proof of Theorem 4.2 by replacing (0, n− 1)-forms with (0, q)-forms. 
Remark 7.1. Whether there exists an analogous result of Theorem 6.2 is not clear at
this moment for 1 < q < n− 1. In such cases, a certain arrangement on projections
onto each q-dimensional subspace in the complex tangent space needs to be found.
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